Compliant environments can mediate interactions between mechanically active cells like fibroblasts. Starting with a phenomenological model for the behaviour of single cells, we use extensive Monte Carlo simulations to predict non-trivial structure formation for cell communities on soft elastic substrates as a function of elastic moduli, cell density, noise and cell position geometry. In general, we find a disordered structure as well as ordered string-like and ring-like structures. The transition between ordered and disordered structures is controlled both by cell density and noise level, while the transition between string-and ring-like ordered structures is controlled by the Poisson ratio. Similar effects are observed in three dimensions. Our results suggest that in regard to elastic effects, healthy connective tissue usually is in a macroscopically disordered state, but can be switched to a macroscopically ordered state by appropriate parameter variations, in a way that is reminiscent of wound contraction or diseased states like contracture.
Introduction
In order to develop and maintain tissues, cells in multicellular organisms have to interact with each other and the extracellular matrix (ECM). Cellular communication proceeds mainly through specific interactions provided by receptor-ligand binding. In solution, gradients in ligand concentration encode spatial information. For example, morphogen gradients guide cell differentiation [1] , and gradients of chemoattractants or chemorepellants direct cell motility (chemotaxis) [2] . For cells adhering to each other or to the ECM, physical properties of the environment like topography and mechanics provide additional information supplementing specific biochemical cues.
In particular, cells in their natural environment typically orient along fiber bundles of the ECM, a principle termed contact guidance [3] . In general, cells preferentially orient along directions with minimal curvature [4] . While contact guidance provides only a bidirectional cue for cell migration, unidirectional cues result from spatial gradients in adhesiveness (haptotaxis) [5] , substrate rigidity (durotaxis) [6] and substrate tension (tensotaxis) [7, 8] .
Tissue cells like fibroblasts in the connective tissue constantly remodel their structural environment by degrading old and secreting new ECM. Moreover they can exert forces large enough to actively reorganize the ECM after it has been laid down [9] . Hence, cells not only respond to the physical properties of their environment, but also actively modulate them. This results in indirect, matrix-mediated interactions between cells. In particular, cell traction-induced reorganization of collagen fibers can mediate a mechanical interaction between cells via contact guidance [10, 11] . In the same vein, elastic interactions between cells can result from stress and strain in the ECM induced by cell traction. During recent years, the sophisticated use of elastic substrates has proven that cells indeed respond to purely elastic features in their environment, including rigidity, rigidity gradients and prestrain [12, 6, 13, 14, 15, 16] . It now appears that many cell types, including fibroblasts, smooth muscle cells, and endothelial cells (but not neutrophils or neurons), respond to the mechanical properties of their environment with a common preference for large effective stiffness [17, 18, 19] . Here the term effective stiffness comprises both rigidity of and tensile strain in the environment, which can be actively sensed by cells via mechanotransductory processes at cell-matrix adhesions [20, 21, 22, 23] . These mechanical cues play an important role in a variety of physiological processes, including development, tissue maintenance, angiogenesis, myotube fusion, wound healing and metastasis [24, 25, 26, 27] . In particular, if coupled to cell division, stress and strain become major determinants of tissue morphogenesis [28, 29] . In general, tissue function arises from the close relationship between cell behaviour in and material properties of the ECM [30, 31, 32] .
We have argued before that elastic interactions contribute to the way single cells position and orient themselves in compliant environments [33, 34, 35] .
However, it has not been discussed in detail before how this individual behaviour translates into collective behaviour of cell ensembles in compliant environments. In a recent short report we have shown that elastically interacting cells assemble into strings of cells which then leads to screening of the cellular traction patterns [36] . Although this effect in principle suppresses macroscopic order, we have also found that macroscopic order can exist at high cell density, with an interesting competition between string-and ring-like structures as a function of the Poisson ratio of the surrounding material.
In our recent report, this effect has been especially analyzed for ordered (lattice) arrangements of cells, which can be decomposed into strings. Since cellular systems are intrinsically noisy, in this paper we focus on stochastic effects using extensive Monte Carlo simulations, which allow to predict collective effects in the presence of noise. In the following, we mainly consider the case of cells adhering to the top of a soft elastic substrate, because this setup might be the easiest way to experimentally verify our theoretical predictions. Commonly used materials for elastic substrates are polyacrylamide or polydimethylsiloxane, which can be described by linear isotropic elasticity theory. Since we are interested in the interactions mediated by an elastic environment, we only consider situations without cell-cell contact, which experimentally could trigger different cellular responses to mechanical signals.
Therefore in our theoretical work we first fix cell positions and then relax cellular orientations using standard Monte Carlo techniques. Experimentally, this might be done by using microcontact printing, thus restricting cells to adhesive islands, or by using non-motile cell lines, which adhere at random positions and then do not move. By freezing in cell positions, we are also able to control cell density. For the position geometry, we consider ordered (lattice) arrangements, random perturbations around ordered positions and arrangements which are completely random. We calculate structural phase diagrams as a function of of elastic moduli, cell density, noise and cell position geometry using Monte Carlo simulations. We then briefly investigate collective elastic effects in three dimensional elastic environments and finally discuss our results in the context of wound healing.
Model and simulations

General concepts
In order to sense the mechanical properties of their environment, tissue cells pull on it with actomyosin contractility. In many cases, this contractile mechanical activity is directed along the long axis of the cell body, especially when confronted with a mechanically anisotropic environment. The mechanical action of such an anisotropic force pattern can be modeled as an anisotropic force contraction dipole P ij = P l i l j , where the unit vector l specifies cell orientation. In contrast to electric dipoles in electrostatics, which are vectors, force dipoles in elasticity theory are tensors of rank two.
P specifies the dipole strength, which typically has |P | = F d ≈ 10 −11 J, corresponding to two opposing forces F = 200 nN separated by a distance d = 60 µm [37] . We will consider cells with anisotropic force patterns only and assume that the magnitude P is constant for all cells. A mechanically active cell generates an elastic strain field u ij ( r), which again is a tensor of rank two. The strain induced by P can be calculated from the elastic Green tensor G ij ( r, r ′ ) which describes the deformation of the medium at r caused by a point force at r ′ . In general G ij depends on material properties and boundary conditions. For translationally invariant situations, one has
. Elastic interactions between two cells result if the mechanical activity P ij of one cell responds to the elastic field u ij induced by another cell. In the framework of a general field theory elastic interaction can then be represented by a coupling of u ij and P ij . Since cells are active and moreover often show a regulated response, the exact form of the coupling between P ij and u ij cannot be predicted from first principles. In a first order approximation we may assume that P ij and u ij are linearly coupled. For mechanically active cells like fibroblasts, experimental observations suggest that indeed they adopt positions and orientations in such a way as to effectively minimize the scalar quantity W = P ij u ij [34, 35] [34, 35] . Using the analogy of a harmonic spring the basic idea can be explained easily: for a given spring constant K, it takes the work W = F 2 /(2K) to build up the force F . Therefore larger stiffness K corresponds to smaller work W required to reach the force F . In this way W may be interpreted as the inverse of an effective stiffness of the environment and the extremum principle in W corresponds to the experimental observation that cell-matrix contacts grow stronger in a stiff environment, thus eventually determining cell orientation. Using this extremum principle, we have been able before to unify many diverse observations which have been reported for the organization of single cells on elastic substrates and in physiological hydrogels [34, 35] . For example, it predicts that single cells prefer to align in parallel and perpendicular to free and clamped surfaces of finite sized samples, respectively. It is however important to note that the cellular response to the actively sensed effective stiffness of the environment is very different from the cellular response to cyclic external stretch with a 1 Hz frequency, which is relevant for the physiology of lung tissue and the cardiovascular system. In this case, many cell types tend to orient away from the direction of stretch [38, 39] , possibly to avoid the recurrent deformation of their cytoskeleton.
For two cells, the above reasoning leads to the following effective interaction potential [34, 35] 
where we consider only situations with translational invariance. The optimal cell configuration is described by the minimum of W in regard to cell positioning and orientation. Since in general G ik scales as ∼ 1/(Er), where r is distance and E an elastic modulus, W scales as ∼ P 2 /(Er 3 ) and has units of energy. Since in a linear material the cellular strain fields superimpose, the functional that describes elastic interactions of a system of N cells reads:
where W γδ is the interaction between two cells γ and δ as described in Eq. 1.
The factor 1/2 is required to avoid double counting and the factor 1/N for per cell normalization. The optimal structure is given by the configuration which minimizes Eq. 2 as a function of all cellular orientations and positions and we may refer to this structure as the ground state, in analogy to interacting passive particles in physical systems.
Monte Carlo simulations
In the presence of noise any system will deviate from its optimal state. In the cellular systems discussed here, noise results both from intracellular processes (like the intrinsic stochasticity of gene expression and signal transduction)
and from heterogeneities in the material properties of the environment. In order to introduce a stochastic element into the structure formation process, we perform Monte Carlo simulations using the standard Metropolis algorithm to generate typical configurations in the presence of noise [40] . This implies the use of an Gibbs ensemble, which in our case is the simplest choice given that we do not know the exact details of the cellular decision making process (in information theory, the Gibbs ensemble arises from maximizing To study stochastic effects using our Monte Carlo simulations we typically consider N ≈ 1000 dipoles. In order to minimize the effects of boundaries and finite size, we apply periodic boundary conditions (pbcs), such that each dipole has the same number of next neighbors and experiences the same local geometry. We implement pbcs using the minimal image convention,
i.e. we only consider the interactions of the dipole with its N − 1 nearest (image) dipoles [40] . Note that in the two-dimensional situation of cells on top of an elastic half space, the 1/r 3 interaction effectively constitutes a short-ranged potential, because its area integral does not diverge with system
where L is system size). Thus, boundary effects are expected to play only a minor role in this case and the minimal image convention is a good approximation.
Additional assumptions
We now make some additional assumptions which will simplify our subsequent calculations and which will allow for a direct comparison of our theoretical calculations with appropriate experiments. First, we assume that the environment can be described by isotropic linear elasticity theory, which is a reasonable assumption for the synthetic substrates like the ones made from polyacrylamide or polydimethylsiloxane commonly used to study mechanical effects in cell culture [45, 37] . Thus there are two elastic constants:
the Young modulus E describes the rigidity of the material and the Poisson ratio ν the relative importance of compression and shear. In particular we mainly consider the situation of cells adhering to the top surface of a thick elastic film. Such a situation can be theoretically represented by an elastic half-space geometry with dipolar orientations constrained to the x-y-plane.
Therefore the Young modulus E and the Poisson ratio ν are 3D quantities.
The maximal value for ν is 1/2, e.g. for strongly hydrated polymer gels. If such a material is tensed in one direction, the shear mode is excited and it contracts in the perpendicular directions (Poisson effect). For common materials, the minimal value for the Poisson ratio is ν = 0, e.g. in dehydrated fibrous polymer gels. Then the volume mode prevails and uniaxial tension does not translate into lateral contraction. For cells exerting tangential forces on top of an elastic substrate one can use the Boussinesq Green function of an elastic halfspace [46] to specify Eq. 1 to [35] :
where r is the distance between cells and the cellular orientations θ, θ ′ and α are defined via the scalar products cos θ = l · r, cos θ
f is given by
where
Secondly, because here we focus on elastic effects, we want to avoid cellcell contacts, which are known to change the mechanical state of adhering cells [16] . Therefore we attribute an exclusion disc of radius a to each cell.
Moreover in most of our simulations cell positions are frozen and only orientational degrees of freedom are considered. Experimentally, this situation might be achieved by using non-motile cell lines or appropriate drugs to suppress cell motility. Alternatively, one might use microcontact printing to prepare well-defined adhesive islands constraining cell positions.
Finally, while the focus of our paper is on structure formation on planar synthetic substrates to allow a direct comparison of theory and experiment, we also briefly consider cells in a three-dimensional (3D) environment. For computational simplicity we keep the assumption of linear isotropic. For cells embedded in an infinite 3D isotropic elastic environment, the interaction law stays the same as Eq. 5, but with different constants a 1 = (1+ν)/(8πE(1−ν)) and a 2 = (3 − 4ν) which now follow from the Kelvin solution for the full elastic space [46] . In 3D, the elastic interactions are truly long-ranged, in the sense that now the volume integral over the elastic interaction diverges with We first consider structure formation in the presence of noise when cells adopt regular positions on an infinite square (s) and hexagonal (h) lattice.
In general we find a strong dependence of structure formation on lattice geometry, Poisson ratio ν and noise level T ⋆ . In particular our simulations show an interesting competition between string-like and ring-like structures at low noise levels, which we have also found before in a detailed analysis of optimal structures [36] . The loss of long-ranged order with increased noise can be quantified by calculating the temperature behavior of appropriate order parameters. For string-like structures all dipoles point along a common direction n. A suitable parameter to quantify the degree of global alignment therefore seems to be the angle β between dipole orientation l and n, where cos β = l · n. Note that force dipoles have a bipolar symmetry and thus dipole orientations l and − l are equivalent. Thus, the average cos β = 0. However, the average cos 2 β becomes one when all dipoles point along n, while for an isotropic structure
. Thus, we define an alignment order parameter p as
which is non-zero only for globally aligned structures and zero otherwise. 
Effect of weak positional disorder
Experimentally cells may not adopt perfect lattice positions, in particular when adhesive islands are used which are large compared to cell size in order to minimize the effects of island shape on cellular force distribution [47, 48] .
We therefore investigate the effect of positional fluctuations at low thermal noise intensities. For this purpose we randomly displace the dipole positions within a circle of radius r around the lattice positions before relaxing the orientations. The degree of positional disorder can be quantified by the ratio f = r/b of the radius with respect to the lattice constant b. In the following we focus on the square lattice and ν = 0.5, since synthetic polymer gels typically have ν ≈ 0.5. For this value of the Poisson ratio, Fig. 1 predicts a lattice geometry dependent transition from a string-like structure on a square lattice to a ring-like structure on the hexagonal lattice. However, rings are thermally excited easily on the square lattice. Hence the string-like structure might also be easily destabilized under positional disorder.
In Fig. 4 with other dipoles (that is, each dipole has typically for next neighbors as on the square lattice), string domains are stabilized. We conclude that positional disorder affects structure formation in a similar way as increasing the temperature T ⋆ on a perfect lattice.
Phase behavior on homogeneous substrates
On a homogeneous substrate, non-motile cells usually adhere more or less at random positions. Therefore we next study typical structures on elastic substrates with completely randomized but fixed positions as described above.
Cellular structure formation on elastic substrates is now governed mainly by three control parameters, namely reduced temperature T ⋆ , Poisson ratio ν and cell density. Since in our model each cell is characterized by an exclusion radius a, we introduce a reduced density
which is a dimensionless variable describing the ratio of the area occupied by N circular disks of radius a to the area of the (simulation) box with length L. As before one can quantify the development of anisosotropic long-ranged order with the order parameter p defined in Eq. 6. In contrast to the lattice structures where preferred string direction n was determined by lattice geometry, the orientation of the director n on homogeneous substrates is arbitrary. This is taken into account by defining a two-dimensional analog of the nematic order parameter p used in the theory of liquid crystals [49] . We first introduce the ordering matrix
δ ij ), where l α is the orientation vector of the α'th particle and the sum runs over all particles in the simulation box. The largest eigenvalue λ of the symmetric ordering matrix Q corresponds then to the order parameter p = 2λ. As before p measures the degree of orientational order with respect to the current director n, which is the corresponding eigenvector to the maximal eigenvalue. Carlo moves. Moreover we applied a homogeneous strain field along the z-direction. Cells respond by an alignment with the external field and the formation of strings as has been observed experimentally [50] . Without external field but with mobile cells we typically observe formation of "networks" of cells at low temperature and intermediate densities and disconnected uncorrelated strings at elevated noise levels and low densities, respectively. In general, we expect that the low to intermediate density regime of a three 3D phase diagram for mobile elastically interacting force dipoles will resemble the phase behavior of electric dipolar fluids [53, 54] . In both systems string formation dominates and string-string interactions are screened in the same way [55] . At high dipole densities our lattice calculations in 3D suggest that phase transitions as a function of Poisson ratio may occur and we find evidence that again a low Poisson ratio of the material tends to favor global cell alignment.
In finite 3D environments the geometry and boundary condition of the sample may also affect structure formation. The presence of a boundary modifies the direct elastic interaction between cells by boundary induced strain fields, which, depending on boundary condition, introduce either attractive or repulsive contributions to the elastic interaction plus a direct interaction term with the boundary [34, 35] . 
